Abstract. This is an expository note on non-amenabilty of the Banach algebra B(ℓ p ) for p = 1, 2. These were proved respectively by Connes and Read via very different methods. We give a single proof which reproves both.
Introduction
Johnson [Jo1] introduced the notion of amenability for Banach algebra and asked whether B(X), the Banach algebra of bounded linear map on a Banach space X, can be amenable. This problem is still widely open. For the special case where X = ℓ p , it was proved by Connes [Co] that B(ℓ 2 ) and ∞ n=1 B(ℓ n 2 ) are not amenable, and more recently, by Read [Re] that B(ℓ 1 ) and A somewhat simplified proof of Read's results was given by Pisier [Pi2] where it was observed that the proof also gives the non-amenability of 'regular' B(ℓ p ). In this note, we give a single proof which reproves all above results. The proof is inspired from Read's approach and was suggested by Pisier. Here, B r (ℓ p ) is the Banach algebra consisting of those operators x ∈ B(ℓ p ) with x Br(ℓp) := |x| B(ℓp) < ∞, where |x| = (|x ij |) i,j for x = (x ij ) ∈ B(ℓ p ). We use the following definition of amenability of Banach algebras, which is equivalent to the standard one by Johnson's theorem [Jo2] . A general reference for amenable Banach algebra is [Ru] . Definition 1.2. A unital Banach algebra A is amenable if there exists a constant C > 0 with the following property; for any finite set F ⊂ A and ε > 0, there exists
where · ∧ denotes the projective tensor norm on A ⊗ A.
It turns out that the condition (iii) is irrelevant to Theorem 1.1.
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Some Facts on ℓ p
In this section, we prove some elementary facts on ℓ p . Fix p ∈ [1, ∞] and let q be so that 1/p + 1/q = 1. We denote by {δ m } (resp. {δ * m }) the standard basis of ℓ p (resp. ℓ q ). We temporally denote by x reg = |x| for x in B(ℓ p ) or B(ℓ q ).
Remark 2.2. The estimate ∞ m=1 xδ m 2 yδ * m 2 ≤ N x y needs not be true (even up to constant multiple) for x ∈ B(ℓ p , ℓ N p ) and y ∈ B(ℓ q , ℓ N q ). However, it is not hard to see (from the following proof) this is true if p ∈ {1, 2} or if x ∈ B(ℓ N p ) and y ∈ B(ℓ N q ). Proof. The part (i) follows from Hölder inequality;
For the part (ii), we may assume x = |x|. Then, by the duality ℓ q = (ℓ p ) * , we have
where the supremum is taken over all λ = (λ m ) m with λ p ≤ 1. The rest of the proof of part (ii) is same as (i). Finally, the part (iii) follows from (i) and (ii) combined with the Cauchy-Schwarz inequality and the fact λ 2 ≤ ( λ p λ q ) 1/2 .
Some Facts on SL(3, Z)
In this section, we collect some known facts on the group SL(3, Z). For notational simplicity, we denote SL(3, Z) by Γ. The group Γ has Kazhdan's property (T). In particular, it is finitely generated. (In fact, it is generated by two elements.) A general reference for Kazhdan's property (T) is [HV] .
Theorem 3.1. The group Γ = SL(3, Z) has Kazhdan's property (T). Namely, for any finite set of generators S of Γ, there exists a positive number R = R(Γ, S) with the following property; for any unitary representation Γ on a Hilbert space H and a vector ξ ∈ H, there exists a π-invariant vector η ∈ H such that
This theorem is non-trivial only when max g∈S π(g)ξ − ξ < ξ /R since the zero vector is π-invariant. See Appendix for a related fact on actions on Banach spaces.
We next present explicit examples of actions of Γ. For each prime number l, let F l = Z/lZ be the finite field with l elements and define the "finite projective plane"
l (through linear transformation by SL(3, F l )) induces an action σ l on the set Λ l . It is not hard to see that σ l is 2-transitive, i.e., for any s ij ∈ Λ l (i, j ∈ {1, 2}) with s 1j = s 2j for j ∈ {1, 2}, there exists g ∈ Γ such that σ l (g)(s i1 ) = s i2 for i = 1, 2. In other words, the product action σ l × σ l of Γ on Λ l × Λ l has exactly two orbits (diagonals and off-diagonals).
4. Some Facts on ℓ 2⊗ ℓ 2
In this section, we review a well-known fact about operator inequality. A general reference is [Bh] . Let S 1 (resp. S 2 ) be the Banach space of trace (resp. HilbertSchmidt) class operators on ℓ 2 . The 'noncommutative' Mazur map ϕ : S 1 → S 2 is defined by ϕ(T ) = U|T | 1/2 , where T = U|T | is the polar decomposition and modulus and square root are taken as an operator on a Hilbert space. By the uniqueness of polar decomposition, we have ϕ(USU * ) = Uϕ(S)U * for any unitary operator U. As in the case of ordinary Mazur map, we have the following.
Theorem 4.1. The noncommutative Mazur map ϕ : S 1 → S 2 is a uniform homeomorphism between the unit ball of S 1 and that of S 2 .
Proof. We give a proof for the reader's convenience. Temporally, we denote by · p the Schatten p-norm. It suffices to show that ϕ is a uniform homeomorphism between the spheres. Let S = U|S| and T = V |T | be given so that
1/2 by [Ko] and |S| 1/2 − |T | 1/2 2 ≤ 2ε 1/4 by [PS] . It follows that
Therefore, we have
This proves the uniform continuity of ϕ. The uniform continuity of ϕ −1 follows from the Cauchy-Schwarz inequality.
Let us identify S 1 (resp. S 2 ) with the projective (resp. ℓ 2 -) tensor product ℓ 2⊗ ℓ 2 (resp. ℓ 2 ⊗ 2 ℓ 2 ). The identification is given by ξ ⊗ η → T ξ,η , where T ξ,η (ζ) = (ζ,ξ)η. (The symbolξ means the complex conjugate of ξ ∈ ℓ 2 .) Then, the noncommutative Mazur map ϕ : ℓ 2⊗ ℓ 2 → ℓ 2 ⊗ 2 ℓ 2 satisfies ϕ • (U ⊗Ū ) = (U ⊗Ū ) • ϕ for any unitary operator U and is uniformly homeomorphic on the spheres.
Proof of Non-amenability
Proof. Let A be one of the Banach algebras listed in Theorem 1.1. Set q be so that 1/p + 1/q = 1. To give a finite set F ⊂ A which violates the definition of amenability, we fix a finite set S of generators of Γ. For notational simplicity, we set S + = S ∪{g υ } and π p (g υ ) = υ p . Then,
(cf. Section 3) is a finite subset in A. We choose ε > 0 later. Suppose there exists T = r i=1 a i ⊗ b i ∈ A ⊗ A which satisfy the conditions (i) and (ii) in Definition 1.2. We fix a prime number l until the very last step. For each m ∈ Λ, we define
where P l is the (orthogonal) projection from ℓ p (Λ) onto ℓ p (Λ l ). By Lemma 2.1 (and the following remark), we have m∈Λ
A⊗A ≤ |Λ l | ε for every g ∈ S + . On the other hand, since
Therefore, there exists m l ∈ Λ such that
The application of the noncommutative Mazur map ϕ to this inequality yields (cf. the last remark in Section 4) that
for all g ∈ S + , where ω ϕ is the modulus of continuity of ϕ (cf. Appendix). Now, since π
is a unitary representation of Γ, Theorem 3.1 is applicable. It follows that there exists a (π
where R = R(Γ, S) is the constant appearing in Theorem 3.1. But since Γ action on Λ l is 2-transitive, X = λI + µE for some λ, µ ∈ C, where
On the other hand, since ϕ(S l ) is of rank ≤ r (as a Hilbert-Schmidt operator on ℓ 2 (Λ l )), we have
Consequently,
] is a function which does not depend on l (but depends on Γ, S and ω ϕ ) such that lim ε→0 δ(ε) = 0. Since l can be arbitrarily large, this is absurd when ε > 0 is chosen sufficiently small so that δ(ε) < 1.
Remark 5.1. In the proof, one may use Corollary A.3, instead of Theorem 3.1, to deduce that S l ∈ ℓ 2 (Λ l )⊗ℓ 2 (Λ l ) is close to a (π 2 l ⊗ π 2 l )-invariant vector. The first half of the proof goes mutatis mutandis for B(ℓ p ) and yields
However, since we do not know whether the unit ball of ℓ q⊗ ℓ p is uniformly embeddable into a Hilbert space, it is not clear whether Corollary A.3 is applicable in this case or not. We note that it is not even known whether ℓ q⊗ ℓ p has non-trivial cotype or not (cf. [Pi1] ).
Appendix A. Non-uniform Embeddability of Expanders
In this appendix, we prove a result about embedding of expanders into a Banach space. Throughout this appendix, we denote by G a graph which is simple, connected and k-regular. We abuse the notation and identify G with its vertices. Further, we regard G as the metric space equipped with the graph distance. For A ⊂ G, the boundary ∂A is the set of (unoriented) edges which connects A to G \ A. Let us recall some basic facts about expanders. A general reference for expanders is [Lu] . The expanding constant h(G) of G is given by
For h > 0, we say G is an (k, h)-expander if it is k-regular and h(G) ≥ h. Let M 1 and M 2 be metric spaces and let ϕ :
The modulus of continuity of ϕ is the function ω ϕ : R + → R + given by
The map ϕ is said to be uniformly continuous if lim t→0 ω ϕ (t) = 0. The metric space M 1 is said to be uniformly homeomorphic to M 2 if there is a bijection ϕ : M 1 → M 2 such that both ϕ and ϕ −1 are uniformly continuous. Finally, M 1 is said to be uniformly embeddable into M 2 if M 1 is uniformly homeomorphic to a subset of M 2 .
We have the following concentration theorem for expanders embedded in a Banach space. A better estimate is known [LLR] [Ma] for X = ℓ p with p ∈ [1, ∞).
Theorem A.1. Let X be a Banach space whose unit ball is uniformly embeddable into a Hilbert space. Then, for any k ∈ N and h > 0, there exists a positive number R = R(k, h, X) which satisfies the following; for any map f from a (k, h)-expander G into X, we have
where m = |G| −1 s∈G f (s) is the mean of f . Any n-point metric space is isometric to a subset of ℓ n ∞ . A Banach space is said to have non-trivial cotype if it does not contain ℓ n ∞ 's uniformly. Thus a Banach space satisfying the conclusion of the theorem has non-trivial cotype (compare this with [En] ). It would be interesting to know whether the converse is also true or not. We note that, by Odell and Schlumprecht's theorem [OS] [Ch], a Banach space X with an unconditional basis and of non-trivial cotype has the unit ball which is uniformly homeomorphic to the unit ball of a Hilbert space. A general reference for related facts is [BL] .
We apply the above theorem to the Caley graphs of a finite group. Recall that the Caley graph G(∆, S) of a group ∆ with a distinguished set of generators S is the graph whose vertices are elements of ∆ and whose edges are pairs {g, h} with g −1 h ∈ S. The following is Margulis' celebrated construction of expanders (cf. [Lu] ).
Theorem A.2. Let Γ be a group with Kazhdan's property (T) and S be a finite set of generators of Γ. Then, there exists h = h(Γ, S) > 0 such that for any finite quotient group ∆ of Γ, the Caley graph G(∆, S) is an (|S|, h)-expander.
Corollary A.3. Let Γ be a group with Kazhdan's property (T), S be a finite set of generators of Γ and let X be a Banach space whose unit ball is uniformly embeddable into a Hilbert space. Then, there exists R = R(Γ, S, X) > 0 which satisfies the following; for any representation π : Γ → B(X) with a finite image and any ξ ∈ X, there exists a π-invariant vector η such that
Proof. Apply Theorems A.1 and A.2 to the map f :
The following lemma is well-known, but we include the proof for completeness.
Lemma A.4. Let G be a (k, h)-expander. Then, we have the following.
(i) For any map f : G → ℓ 1 , we have
where m = |G| Proof. First, consider a function g : G → R + with | supp(g)| ≤ |G|/2. Let E be the set of unoriented edges of G and let A r = {s ∈ G : g(s) ≥ r}. We note that |A r | ≤ | supp(g)| ≤ |G|/2 and hence |∂A r | ≥ h|A r | for r > 0. Since |g(s) − g(t)| is the Lebesgue measure of the interval between g(s) and g(t), we have Now the assertion (i) follows by considering each coordinate of ℓ 1 and applying the above inequality to the positive (or perhaps negative) part of ℜf (resp. ℑf ). The part (ii) follows from the above inequality for g = max{0, f − R 0 }. Now, we give the proof of Theorem A.1.
Proof of Theorem A.1. We note that the Hilbert space ℓ 2 is uniformly embeddable into ℓ 1 (cf. [BL] ). Fix a uniform embedding ϕ of the unit ball of X into ℓ 1 . Take R > 0 large enough so that it satisfies R ≥ 10 k h and ω ϕ −1 (16 k h ω ϕ ( 5 R )) ≤ 1 9 .
